A large inflationary tensor-to-scalar ratio r 0.002 = 0.20 +0.07 −0.05 is reported by the BICEP2 team based on their B-mode polarization detection, which is outside of the 95% confidence level of the Planck best fit model. We explore several possible ways to reduce the tension between the two by considering a model in which α s , n t , n s and the neutrino parameters N eff and Σm ν are set as free parameters. Using the Markov Chain Monte Carlo (MCMC) technique to survey the complete parameter space with and without the BICEP2 data, we find that the resulting constraints on r 0.002 are consistent with each other and the apparent tension seems to be relaxed. Further detailed investigations on those fittings suggest that N eff probably plays the most important role in reducing the tension. We also find that the results obtained from fitting without adopting the consistency relation do not deviate much from the consistency relation. With available Planck, WMAP, BICEP2 and BAO datasets all together, we obtain r 0.002 = 0.14 
Introduction
The BICEP2 experiment [1, 2] , a dedicated cosmic microwave background (CMB) polarization experiment, has announced recently the detection of the B-mode polarization in CMB, based on an observation of about 380 square degrees low-foreground area of sky during 2010 to 2012 in the South Pole. The detected B-mode power is in the multipole range 30 < ℓ < 150. Because the CMB lensing peaks at ℓ ∼ 1000, the excess of B-mode power at these small ℓ ∼ 100s can not be explained by the lensing contribution, which is too small. It has been pointed out in that the foreground residual from Galactic dust may contribute to B-mode power [3] [4] [5] . The BICEP2 team has examined possible systematic errors and potential foreground contaminations, and found that the cross-correlations between frequency bands have little changes in the observed amplitude, which imply that frequency-dependent foreground may not be the dominant contributor. If the CMB polarization B-modes observed by BICEP2 is confirmed, it would indicate the presence of tensor perturbations, i.e. gravitational waves in the early universe, and provide a strong evidence of the inflationary origin of the universe.
The inflation theory which has been developed since the 1980s solves a number of cosmological conundrums, like the monopole, horizon, smoothness, and entropy problems [6] [7] [8] [9] .
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The quantum fluctuations streched by the inflationary expansion, give rise the scalar and tensor primordial power spectrum. Considering the ΛCDM model and assuming the scalar perturbation are purely adiabatic, it is convenient to expand the scalar and tensor power spectrum as
where k 0 is the pivot scale, it is usually chosen to be 0.05 Mpc −1 , roughly in the middle of the logarithmic range of scales probed by WMAP and Planck experiments; A s , n s are the amplitude and spectral index for the scalar power spectrum respectively, while A t , n t are for the tensor power spectrum respectively; α s denotes the running of the scalar spectrum tilt [10] with α s = d n s d ln k . An important parameter, the tensor-to-scalar ratio, which indicates the ratio of the tensor power to the scalar power, is defined as
r can be scale dependent, and the single field slow-roll inflation implies a tensor-to-scalar ratio of r 0.05 = −8n t , in which the subscript 0.05 indicates the particular pivot scale of k = 0.05 Mpc −1 . This relation is referred as the consistency relation.
The BICEP2 team reported their measured value of tensorto-scalar ratio, at scale k = 0.002 Mpc −1 , as r 0.002 = 0.20
−0.05 , based on the lensed-ΛCDM+tensor model. The result is derived from importance sampling of the Planck MCMC chains using the direct likelihood method. The unexpected large tensorto-scalar ratio generated a lot of interests [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . There appears a tension between the value of r 0.002 measured by the BI-CEP2 team and that by other CMB experiments, at least in the simplest lensed ΛCDM+tensors model. Previous CMB observations with the Planck satellite, the WMAP satellite and other CMB experiments yielded a limit of much smaller tensor-to-scalar ratio r < 0.11 (at 95% C.L.) [25] . Some mechanisms have been proposed to alleviate this tension [26] , by (a) adjusting the running of the scalar power spectrum tilt; (b) considering the blue tilt tensor power spectrum; and (c) including the effect of the neutrinos.
The running of the scalar power spectrum. The BICEP2 team [1] pointed out that a simple way to relax this tension is to take the running of spectrum index into account, but large |α s | leads to an unacceptably small value of e-folds number for slow roll inflation [27] .
The blue tilt tensor power spectrum. There are wide spread interests in the tensor power spectrum index [28, 29] , since it is an important source of information for distinguishing inflation models [30] [31] [32] . Recently, Gerbino et al. [33] reports a blue tensor power spectrum tilt n t ∼ 2 using the B-mode measurements. It is also possible to solve the tension by including n t as a free parameter. Wu et al. [34] studies the effect of n t , by including Ω c h 2 , Ω b h 2 , τ, θ MC , A s , n s and n t as free parameters in the global fitting, and finds that the apparent tension is alleviated.
The effect of the neutrinos. Besides directly adjusting the spectrum itself, considering the effect of neutrinos may also suppress the scalar power spectrum. The effective number of neutrinos N eff affects the density of the radiation in the universe, which change the expansion rate before recombination, and the age of the universe at recombination. The diffusion length scales and sound horizon, which are all related with the age, affect the power in its damping tail. [35, 36] . Very massive neutrinos could suppress the structure formation at small scales [37, 38] , though as there are tight limits on the mass of the three active neutrinos, such a neutrino must be a sterile one. It is reported that considering the effect of the neutrinos can reduce the tension [37, 39, 40] .
In this paper, we explore the best way to solve the tension, through the global fitting, by considering α s , n t as well as the neutrino parameters as free parameters. In the lensed ΛCDM model, the fitting is performed with the Planck CMB temperature data [25] and the WMAP 9 year CMB polarization data [41, 42] , with/out the newly published BICEP2 CMB B-mode polarization data. In order to have good constraints, the BAO data from the SDSS DR9 [43] , SDSS DR7 [44] , 6dF [45] are also included. We derive constraints using the publicly available code COSMOMC [46] , which implements a MetropolisHastings algorithm to perform a MCMC simulation in order to fit the cosmological parameters. This method also provides reliable error estimates on the measured variables.
The outline of this paper is as follows. In Sect. 2 we firstly check the sensitive scale for some interesting parameters, which could solve the tension; In Sect. 3 we introduce our global fitting method and present the results; The contributions of the interesting parameters are discussed in In Sect. 4, and our conclusions are given in Sect. 5.
The sensitive scale for parameters
The interesting parameters α s , N eff and n t are sensitive to different scales of the power spectrum. Using the CAMB code, we can find out the sensitive scales of each parameter. Figure 1: The difference in power spectra between a model with the fiducial parameters set. From the top to the bottom are for the CMB TT, EE, BB, TE angular power spectra, and the matter power spectrum. The red solid line (actually the x-axis) indicates the fiducial case. The difference induced by variation in α s (black dashed), N eff (blue solid), and n t (green dash dot) are plotted.
The running of the power spectrum index is included by setting α s = −0.022, and the residuals are shown as black dashed line in Figure 1 . The result indicates that, α s is most sensitive to the scale with ℓ < 200 in the CMB angular spectrum and k < 0.1hMpc −1 in the matter power spectrum. Within such scales, the negative α s can reduce the TT and the matter power spectrum, which is expected for solving the problem in tensor-to-scalar ratio. As reported in Ref. [25] , when α s = −0.022 ± 0.01 (68%), the constraints relax to r 0.002 < 0.26, which indicates a possible way to relax the tension.
The parameter N eff has great effect on smaller scales of the power spectrum. The Standard Model value is N eff = 3.046 [47] , we plot the difference result for the case N eff = 3.5 as shown by the blue solid line in Figure 1 . N eff affects the peaks of BAO, both on the position and the amplitude [35, 36] , which is also clearly shown in our figure. A large N eff causes the suppression on the small scales of the scaler power spectrum. With a large n s , the scalar power spectrum increases at the scales both larger and smaller than the pivot scale of k = 0.05Mpc −1 . The increased power compensates the suppression at small scales and also reduces tensor-to-scaler ratio at large scales, which can help reduce the tension of r 0.002 .
The green dashed-dot line in Figure 1 shows the difference between a model with n t following the consistency relation and a model where this relation is broken, with n t = 0.3. It is shown that the variation of n t mainly affects the large scales of the BB power spectrum.
From the above discussions we see how each parameter affects the CMB and matter power spectra differently, and how it could help to alleviate the tension in the tensor-to-scalar ratio. However, there are still degeneracy and correlation between the effects of various parameters, and the constraints also depends on the priors, so the actual result is more complicated. We perform a global fitting with complete parameter space, and flat prior, to explore the best way to solve the problem.
The global fitting
We use the CosmoMC code [46] to explore the parameter space and obtain limits on cosmological parameters. In our MCMC simulations, about 500000 samples are collected with 200 chains. The first 1/3 of the samples is used for burning and not used for the final analysis.
In addition to the BICEP2 data [1] , we use the Planck CMB temperature data [25] , the WMAP 9 year CMB polarization data [41, 42] , and the BAO data from the SDSS DR9 [43] , SDSS DR7 [44] and 6dF [45] in our cosmological parameter fitting. For clarity, we use the following labels to denote the different datasets,
• Planck+WP: The Planck high-ℓ, low-ℓ temperature power data [25] , and the WMAP9 polarization power data [41, 42] are adopted in the fitting;
• Planck+WP+BICEP: Beside the Planck and WMAP datasets, the BICEP2 data [1, 2] is also included;
• Planck+WP+BICEP+BAO: Beside the CMB measurement data, the BAO data from SDSS DR9 [43] , SDSS DR7 [44] , and 6dF [45] are also include in the fitting.
The definition and prior range of some important parameters are listed in Table 1 . For most of the parameters, the flat priors are used as in the Planck analysis [25] . Beside the 6 parameters characterizing the simplest inflationary ΛCDM model,
, A s and n s , we also include the running of scalar power spectrum index α s and the parameters related with the neutrinos, such as the effective number of neutrinos N eff and the sum of physical masses of standard neutrinos Σm ν . Because the evolution of sterile neutrinos is significantly different, it is explored as an extra case, by including one more parameter, m eff ν, sterile , the effective mass of the sterile neutrinos. When we ignore the single field slow-roll consistency relation, n t is set to a fixed value, which can be positive or negative, allowing for both red and blue tilt. For comparison, we also run a set of MCMC chains, with n t following the consistency relation.
Results and discussion
The values of the parameters constrained with our global fitting are listed in Table 2 . For comparison, the best fits of different datasets with n t as a free parameter and n t = −r 0.05 /8 following the consistency relation are all listed in Table 2 .
We plot the 2-dimensional contours and 1-dimensional probability distribution of cosmological parameters with different data sets in Fig.2 . The Planck+WMAP constraints are plotted in black dash-dot lines, the constraint with additional BICEP data are plotted with blue dash lines, and the constraint also with BAO are plotted in red solid lines. Here we do not impose the consistency relation, and n t is taken as a free parameter. From these plots, we find that with the inclusion of the neutrino parameters, there is no significant conflict between the result of including and excluding the BICEP2 data set, the allowed parameter range or region overlap with each other in these two cases. The constraints also become tighter with the additional BAO datasets included. With only the Planck and WMAP9 datasets, r 0.002 < 0.16(0.36) with 68%(95%) marginalized limits. The constraints are different from that reported by Planck Collaboration et al. [25] , since some extra free parameters are included in our global fitting, such as n t , α s , N eff and Σm µ . Now, with the additional of the BICEP2 data, we find r 0.002 = 0.16 In the above we have taken n t as a free parameter without imposing the consistency relation. If we do impose the consistency relation in our fitting, the 68% marginalized limits are r 0.002 < 0.24 with only Planck and WMAP9 datasets; r 0.002 = 0.24 These results show that the tension between the BICEP and Planck data is removed by including n t , α s and the neutrino parameters as free parameters in the global fitting. Below we investigate which parameters are responsible for this. The joint 1d and 2d probability distribution of cosmological parameters. The inner and outer contours represent the 68% and the 95% confidence levels respectively. Top: the primordial power spectrum parameters and the neutrino parameters N eff and Σm ν , Bottom: other cosmological parameters. The consistency relation is not imposed.
n t is not the key parameter
As discussed in Sect. 2, n t has significant effect on the BB power spectrum, but not on the TT or the matter power spectrum. The results of our global fitting with different data sets also indicate that the constraints on n t become better with the inclusdion of BICEP2 data set, but the BAO data set does not help to improve the constraint on it.
The left panel of Figure 3 shows the joint probability of n t and r 0.05 , when the consistency relation is not imposed. For reference, we also plot the consistence relation with the black solid line in the same figure. The consistency relation also forces n t to be negative, so the tensor spectrum has a red tilt. From the figure we see that the global fitting results are still consistent with the consistency relation. Although the result favors a blue tilt in the tensor spectrum slightly, it is not as significant as reported in Ref. [33] .
In the right panel of Figure 3 , we show the contours for r 0.002 and n t , note here n t is measured around k = 0.05h/ Mpc. If r 0.002 < 0.11 [25] , it would be easy to get a larger blue tilt tensor power spectrum. However, when the consistency relation is imposed, it forces n t to a small negative value, and yields a large r 0.002 . In our global fitting, the constraints with flat prior result in a slightly smaller r 0.002 = 0.14 +0.05 −0.11 , while with the consistency relation imposed, r 0.002 = 0.22 +0.05 −0.06 , which is consistent with the results reported in Ref. [1] .
We see the results obtained with the different data sets are generally consistent with each other, either with or without the consistency relation imposed. Including n t as a free parameter is not a necessary condition for solving the tension, but the value of r 0.002 is correlated with the prior of n t .
α s helps little
In the paper of BICEP2 Collaboration et al. [1] , α s is introduced to reduce the tension in r 0.002 . According to their analysis, a negative α s ∼ −0.022 is needed for suppressing the scalar power spectrum. In our fitting, the α s is constrained to α s = −0.0054 In the case of n t following the consistency relation assumption, the α s is constrained to α s = −0.0133
−0.0162 (68%) with all the datasets included. The non-zero results indicate that the α s is still helpful for suppressing the scalar power spectrum and alleviating the r 0.002 tension, at least when the consistency relation is imposed.
However, the large value of α s ∼ −0.02 leads to small value of e-folds number in slow roll inflation, which is unacceptable in our universe [26, 27] ,. In this case, α s is not a good choice for solving the problem of tension between Planck and BICEP2.
The neutrinos helps much
The neutrinos mainly affect the scalar and tensor power spectrum on small scales. According to the analysis in Bashinsky Figure 4 : This plot shows the joint probability of N eff and n s constrained from our MCMC global fitting, by using different datasets, without considering the consistency relation. The inner and outer contours represent the 68% and 95% confidence levels respectively.
and Seljak [35] , Hou et al. [36] , Lesgourgues et al. [48] , N eff mainly affects the scales of BAO peaks, which are out of the scale range of BICEP2 data. So the constraint on neutrinos comes mainly from the Planck data sets and BAO data sets. As shown in the Figure 2 , with neutrino parameters in the fit, the contours do not change much when the BICEP2 data is added. Because the neutrinos are still relativistic at the epoch of Recombination, Σm ν only has a small effect on the primary power spectrum and it is hard to be constrained. We find that, Σm ν is constrained to be < 0.29ev with the Planck and the WMAP9 data; < 0.27eV with the BICEP2 data included; and < 0.37eV with both the BICEP2 and the BAO data included.
The N eff is a more interesting parameter in this case. It is constrained to be N eff = 3.66 −0.58 with the BICEP2 and the BAO datasets included. We get larger N eff than that in the Standard Model. The result is consistent with recent CMB measurement [25, 36, 41, [49] [50] [51] [52] . Such a large N eff is expected for solving the r 0.002 tension. Because of the suppression of the large N eff on small scales, a large n s becomes acceptable, and the large n s can help solving the tension problem on large scale. Such a degeneration can be found through the 2d contours of N eff and n s in Figure 4 . Without considering BAO and BICEP2 data, n s = 0.99 +0.03 −0.04 which is larger than 1 within 68% marginalized confidence interval. With the BICEP2 data added, the n s is constrained to be 1.01
+0.03
−0.04 . By including the BAO and BICEP2 data, n s = 0.98 +0.02 −0.02 which is still consistent with n s < 1. The large N eff could be explained by including extra neutrinos such as the sterile neutrinos, neutrino/anti-neutrino asymmetry and/or any other light relics in the universe. In the case Figure 3 : Left: The joint probability of n t and r 0.05 , the black solid line represents the single-field inflation consistency relation n t = −r 0.05 /8. Right: The joint probability of n t and r 0.002 . The inner and outer contours represent the 68% and 95% confidence levels respectively. of sterile neutrinos, the related parameters, m Using sterile neutrinos to alleviate the tension between the Planck data set and other data set has also been discussed in Zhang et al. [37] , Dvorkin et al. [39] . Their conclusion are in agreement with ours. With the complete exploration of the parameter space, we also find that including neutrino parameters plays an important role in solving the tension.
conclusion
In this paper, we explore various ways to alleviate apparent tension between the constraints on the inflationary tensorto-scalar ratio r 0.002 obtained from the BICEP2 data and the Planck data. The fittings are performed with the Planck CMB temperature data [25] and the WMAP 9 year CMB polarization data [41, 42] , with/out the newly published BICEP2 CMB Bmode data. we also use the BAO data from SDSS DR9 [43] , SDSS DR7 [44] and 6dF [45] , to help breaking some parameter degeneracy and improve the precision of the model.. By setting α s , n t and neutrino parameters as free parameters, the resulting constraints on r 0.002 from different data sets are found to be consistent with each other, With all the datasets included, we obtain marginalized 68% bounds on some interested parameters as follows: r 0.002 = 0.14 +0.05
n s = 0.98 
n t = 0.35
+0.28
−0.47 .
The value of r 0.002 obtained in this work is smaller than that reported by the BICEP2 team, due to its dependence on n t , which is constrained to be positive(blue tensor tilt), but a flat or even red tilt is still consistent with the data. Further more, the results do not deviate from the consistency relation, even if we ignore the relation in the fitting. Because the consistency relation restricts n t to a lower value, it breaks the degeneracy between n t and r 0.002 . By applying this relation as a prior in the fitting, a tighter constraint on r 0.002 is obtained, r 0.002 = 0.22
+0.05
−0.06 . Although the tension is alleviated by including α s , n t and neutrino parameters as free parameters, we find that α s and n t are not the key parameters. The scalar running α s is still consistent with 0, this indicates that including α s may not be the best choice for solving the r 0.002 tension; The results are consistent with different data sets, with or without n t as a free parameter, which indicates that n t is not necessary for solving the r 0.002 tension problem. Finally, the effective number of neutrinos N eff , constrained to 3.43
+0.39
−0.58 , appears to be the most important parameter for this problem.
We also check our result with the sterile neutrinos. By including all the data sets, N eff is constrained to be < 4.05, m 
